1. Introduction. W. Sierpinski and A. Zygmund have shown [l],2 with the use of the continuum hypothesis, that there is a real function that is not continuous on any nondenumerable set relative to the set. In direct contrast with this result H. Blumberg has shown [2] that every real function is continuous on a dense, denumerable set relative to the set.
Suppose denumerable3 sets are considered as negligible in the definition of continuity; i.e.,/(x) is ¿-continuous at x if for every e>0 there is an open interval / containing x and a denumerable set D such that for every yEI -D, \f(x) -f(y) \ <«. If continuity is replaced by ¿-continuity it becomes clear that one of the above two theorems is true and the other false. It is shown here that the analogue of the Sierpinski theorem is valid; i.e., there is a real function that is not ¿-continuous on any nondenumerable set relative to the set. Indeed, this is a special case of a general result relating to a class of types of negligible sets. 2 . ir-neglect. Consider an abstract set property ir defined by the following postulates. Definition 1. w is a set property such that: (1) Every subset, including the empty set, of a set that has the property likewise has the property.
(2) The union of a denumerable number of sets that have the property likewise has the property.
(3) Every set consisting of a single point has the property.
(4) The continuum does not have the property. Any set property which satisfies these postulates will be called a 7r-property and the individual sets of the corresponding class of sets defined by this property shall be called 7r-sets. Sets which do not have the property t will be designated 7f-sets. Then, for any ir-property, the continuum is a #-set.
Clearly, the totality of denumerable sets forms a class of ir-sets where the ir-property is denumerability.
Two other common classes of sets that are classes of ir-sets are the class of sets of the first category and the class of sets of measure zero.
In order to localize the character of any given set it is convenient to make the following definition. Definition 2. For any ir-property and set 5 a point x is said to be a 7f-point of S if for every open interval I containing x, If~\S is a 7f-set. The set of if-points of S will be denoted by 5*.
If x is not a if-point of S, it is called a 7r-point of S; i.e., x is a 7r-point of 5 if there exists an open interval / containing x such that Ii^S is a x-set. The set of 7r-points of 5 will be denoted by Sr.
As a consequence of this definition, the following result is easily obtained.
Lemma 1. For every set property w and set S the set SC\ST is a ir-set.
Proof. Let xESi^S*.
There is an open interval I, with rational end points, containing x such that IC\S is a 7r-set. Since every point of Sr\Sr is in such an interval and since these intervals are denumerable in number, Si^Sx is contained in the union of a denumerable number of ir-sets. Hence, Si\ST is a ir-set.
If, for any 7r-property, ir-sets are considered as negligible sets the following generalization of continuity is obtained. Definition 3. For every set property it, f(x) is ^-continuous at a point y if for every e>0 there is an open interval / containing y such that the set of points xEI for which |/(x) -f(y) \ ^e is a ir-set.
It will be shown that there is a real function that is not 7r-continuous on any if-set relative to the set. Theorem 1 is the principal tool in the proof of this result. Essential to these results is the following definition. 
Now every point of S is a 7f-point of S, so that IyC\S is a i-set and hence Iyf~^(S -E) is a #-set. Thus, in every open interval Ix containing x there is a x-subset IyC\(S -E) of S such that for every zEIy r\(S -E), \f(x)-f(z)\ >k. This contradicts the hypothesis that/(x) is 7r-continuous at x relative to 5. Therefore f(x) is continuous at x relative to S.
In addition to the preceding result, the following lemmas will be found useful. Proof. By Lemma 1 the points of 5 not if-points of 5 form a 7r-set; hence, if T is the set of points of 5 that are #-points of S, then T is a if-set. T is also 7f-dense-in-itself, for if xE T then every open interval / containing x is such that If\S, and hence IC\T, is of type t; therefore, x is a 7f-point of T. Then, by Lemma 2 and Theorem 1, f(x) is continuous on T relative to T.
From the foregoing proof one easily sees the following:
Corollary. For every set property ir, if f(x) is it-continuous on any set S relative to S, then f(x) is continuous on a set TES relative to T, where S-T is a ir-set.
With the aid of these results and the continuum hypothesis one may now prove the following: Theorem 2. For every set property w, there is a real function h(x) that is not ir-continuous on any ir-set relative to the set.
Proof. Let 5 be any x-set and let f(x) be any real function that is x-continuous on S relative to S. By Lemma 3 there is a x-subset T of 5 such that/(x) is continuous on F relative to T. From Definition 1 it is seen that for every x-property, denumerable sets are x-sets, hence, T is nondenumerable.
But, a function continuous on a nondenumerable set relative to the set can be extended to a Baire function on the set of all reals [3, p. 81 ]. Thus, there is a Baire function g(x) on the reals that agrees with/(x) on the nondenumerable set T. Hence, any function that is x-continuous on a x-set relative to the set must agree with a Baire function on some nondenumerable set. The proof is then completed by finding a function A(x) which does not agree with any Baire function on any nondenumerable set. This function can be found by a technique borrowed from Sierpinski [4, p. 116], which is given for completeness.
The set of Baire functions has cardinal number C, the cardinal number of the continuum.
Let £2 be the smallest nondenumerable ordinal number. By the continuum hypothesis and the well-ordering theorem, the set of Baire functions and the set of real numbers may be put in one-to-one correspondence with the ordinal numbers a<ß. For each a<ß let ga(x) and x« be the Baire function and real number mated with a. Moreover, let Ea be the set of all real numbers gß(xa) for which ß<a. Then Ea is denumerable.
Let xja be the first element of the transfinite sequence xy, 7<ß, which does not belong to Ea. For every a<ti, let A(xa) =xj". Then A(x) is defined everywhere and, for every a<0, h(xa)EEa. Now, let y<£2. The definition of A(x) implies that A(xa) y¿gy(xa) for all a>y so that A(x) =gy(x) only on a denumerable set. Hence A(x) does not agree with any Baire function on any nondenumerable set and the theorem is proved. Lemma 2 allows Theorem 2 to be put in another form. Theorem 3. For every set property x there is a real function h(x) whose points of ■w-continuity on any set S relative to S form a w-set.
Proof. Let A(x) be the function of Theorem 2. Suppose that the theorem is not true. Then there is a set T such that the set SET of points of x-continuity of A(x) on T relative to T forms a x-set. Now by Lemma 2, A(x) is x-continuous on 5 relative to 5. Since S is a x-set, this contradicts Theorem 2.
Approximate continuity. A significant generalization
of continuity which uses the concept of negligible sets but which is not included in the x-classification above has been introduced by Den joy [5, p. 165 ]. In defining "approximate continuity" at a point Denjoy considered as negligible any set of metric density zero at the point.
More precisely, he defined a measurable function f(x) to be approximately continuous at a point x if for every e>0 the set of points y for which |/(x) -f(y) | <e has metric density one at x.
In order to extend the Sierpinski theorem to approximate continuity it is necessary to extend the definition of approximate continuity to arbitrary real functions. Two alternatives suggest themselves. The first is obtained by merely replacing "metric density" by "exterior metric density" in the above definition. This definition, while useful in certain considerations
[ó], does not possess some of the fundamental properties essential to this paper; hence, the second and more restrictive definition, first used by E. Kamke [7] , will be used.
Definition
is approximately continuous at the point x if for every e> 0 the set of points y for which |/(x) -f(y) | = e has exterior metric density zero at x.
Using this definition, the following result will be obtained: there is a real function that is not approximately continuous on any set of positive exterior measure relative to the set. An essential tool in the proof of this result is Theorem 4, whose proof depends upon the following lemma.
Lemma 4. // S is any set and TES, then the set E of points of S at which the exterior metric density of T exists and is equal to one is a Borel set relative to S.
Proof. Let Tn be the set of points contained in sequences of intervals with lengths converging to zero in each of which the relative exterior measure of T is less than 1 -i/n. Each Tn is of type G¡ so that U^_iF" is of type Gs" and the intersection of its complement with S is of type Fes relative to 5. But this last set is precisely the set of points of 5 at which the exterior metric density of T exists and is equal to one. Proof. Let T be the points of S at which the exterior metric density of 5 exists and is equal to one. Since 5-T is of measure zero, T is of positive exterior measure, and fix) is approximately continuous on T relative to T. It will be shown that/(x)
is a Baire function on T relative to T. In order to prove this, it will be shown that the set of points xGF for which fix)>K is a Borel set relative to T for every value of K. This follows from the fact that f(Ç)<K + l/n implies that /(f) <X + l/w -5 for some 5>0, and from the fact that the set of points xET for which |/(x)-/(f) | -b, which includes A", has exterior metric density zero at f.
Let Bn be the set of points xET for which f(x) =K+l/n and at which the exterior metric density of An is one. Then £" = ^4"W5" is the set of points of T at which the exterior metric density of A" is one, and hence, by Lemma 4, is a Borel set relative to T. Then Oñ-iEn is also a Borel set relative to T. One now has only to show that i£ = U^L1E" to complete the proof of the theorem. Now, for every n, xEE" implies that f(x) ¿iK+l/n and hence xEE. It follows that \J"°=iEnEE. Likewise, xEE implies that/(x) >K which implies that f(x) > K +1 /n for some value of n and hence xG-En-Then ECUi^E». Thus, £ = Un".1E".
Since the set T used in the proof of the above theorem is all of 5 except for a set of measure zero, the following corollary has been proved.
Corollary.
If f(x) is approximately continuous on S relative to S, there is a set TES such that m(S-T)=0 and such that f(x) is a Baire function on T relative to T.
With the aid of Theorem 4 and using the continuum hypothesis» one may now prove the following analogue of the Sierpinski theorem-Theorem 5. There is a function that is not approximately continuous on any set of positive exterior measure relative to the set.
Proof. Let 5 be any set having positive exterior measure and let f(x) be approximately continuous on 5 relative to 5. Then, by Theorem 4, there is a subset T of 5 of positive exterior measure such that /(x) is a Baire function on T relative to T. But T, being of posi-tive exterior measure, is nondenumerable and it is known [3, p. 81 ] that any Baire function on a nondenumerable set can be extended to a Baire function on the reals. Accordingly, there is a Baire function g(x) on the reals that agrees with/(x) on the nondenumerable set T. The proof may be completed by finding a function A(x) that does not agree with any Baire function on any nondenumerable set. This was done in Theorem 2.
The function A(x) found above is characterized somewhat better by Theorem 6 which depends upon the following lemma.
Lemma 5. // H is the set of points of S at which A(x) is approximately continuous relative to S, then A(x) is approximately continuous on H relative to H.
Proof. Since A(x) is approximately
continuous on H relative to S, for every e>0 and yEH, the set T of points xES for which |A(x)-A(y)| j=e has exterior metric density zero at y. Since HES the set E of points xEH for which | A(x) -A(y) | ^e is a subset of T and therefore has exterior metric density zero at y. Then A(x) is approximately continuous on H relative to H. Theorem 6. There is a function whose points of approximate continuity on any set S relative to S form a set of measure zero.
Proof. By Theorem 5 there is a function A(x) that is not approximately continuous on any set of positive exterior measure relative to the set. Suppose however that there is a set 5 such that the set T of points of 5 at which A(x) is approximately continuous relative to S is of positive exterior measure. Then, by Lemma 6, A(x) is approximately continuous on T relative to T, contradicting Theorem 5.
